Using molecular dynamics simulations we analyze the dynamics of two atomic liquids that display a liquid-liquid phase transition (LLPT): Si described by the Stillinger-Weber potential and Ga as modeled by the modified embedded-atom model (MEAM). In particular, our objective is to investigate the extent to which the presence of a dip in the selfintermediate scattering function is a manifestation of an excess of vibrational states at low frequencies and may be associated with a fragile-to-strong transition (FTST) across the LLPT, as suggested recently. Our results do not lend support to these suggestions. Specifically, in the case of Ga we observe the appearance of an excess of vibrational states at low frequencies, even in the absence of the appearance of a dip in the self-intermediate scattering function across the LLPT. Furthermore, studying the behavior of the shear viscosities traversing the LLPTs we find that, despite the development of a dip in the self-intermediate scattering function for the case of Si and its absence in Ga, both substances are fragile in character above and below their respective LLPT temperatures.
I. INTRODUCTION
Liquid polyamorphism, i.e., the existence of distinct liquid phases of a pure substance, was proposed over 40 years ago 1 to explain the occurrence of unusual melting properties of certain substances, such as melting-curve maxima (as in P, Cs, Ba, etc) and negative-sloped melting lines (as in water, Si, Ge, Ga, etc). 2 This so-called two-state model predicts the existence of a first-order phase transition between different liquid forms of the same substance, commonly referred to as the high-density liquid (HDL) and low-density liquid (LDL), with a coexistence line that ends at a second critical point.
Although it is still an intensely debated issue, [3] [4] [5] [6] [7] there are indications for the existence of such LLPTs in a number of substances. Aside from experimental observations of LLPTs in elemental phosphorus 8 , Al 2 O 3 − Y 2 O 3 , 9,10 the molecular liquids triphenyl phosphite 11, 12 and n-butane, 13 and the compound AsS. 14, 15 Other experimental data and computer simulations suggest the occurrence of LLPTs in other substances such as water, [16] [17] [18] [19] [20] silicon, 21 ? -25 gallium 26, 27 and nitrogen. 28 In addition to studies considering the structural characteristics associated with the transition between the HDL and LDL forms, there has been an increasing interest in the liquid dynamics across LLPTs. 21, [29] [30] [31] In the case of silicon, Sastry and Angell 21 found that, across an interval of 15 K through the LLPT, the intermediate scattering function develops a pronounced plateau characteristic of the so-called cage effect and the self-diffusion coefficient decreases by two orders of magnitude. A similar result was found in the case of gallium. 30 For silicon, the development of the pronounced caging plateau for LDL is accompanied by a pronounced dip in the intermediate scattering function just before the plateau. 21 This a) Electronic mail: dekoning@ifi.unicamp.br b) Electronic mail: aantone@ifi.unicamp.br dip has been linked to the appearance of an excess of lowfrequency vibrational modes compared to the typical Debye model vibrational density of states (VDOS) of a crystal. This excess has been associated with a boson peak (BP), [32] [33] [34] although this is still rather controversial. 35, 36 This observation, in turn, has led to the suggestion of a connection between the structural LLPT in Si and an accompanying transition in the dynamics between a fragile and strong liquid. Strong liquids are those whose transport properties, e.g., the shear viscosity, display an Arrhenius behavior as a function of temperature, whereas fragile liquids are characterized by a manifestly non-Arrhenius behavior. Empirically, the presence of a pronounced BP has been viewed as a signature of a liquid's strong character, [37] [38] [39] [40] such as in the case of SiO 2 . 34, 41 In line with this perspective, the sudden appearance of a dip in the intermediate scattering function across the HDL-to-LDL transition in silicon, both for the Stillinger-Weber (SW) model 42 as well as in ab initio calculations, has been interpreted in terms of a fragile-to-strong transition (FTST). 21, 43 This interpretation remains controversial, however, 35, 36, 44 given that there is still no physical basis directly correlating the presence of a possible BP to liquid fragility. Indeed, as the fragility of a liquid is defined in terms of the temperaturedependence of transport properties, the verdict as to whether the appearance of an excess in the VDOS across the LLPT is accompanied by a FTST should be based on the analysis of transport properties such as the shear viscosity, which often appears in the so-called Angell plot 45 distinguishing between strong and fragile behavior.
Here we conduct a further investigation into the possible correlation between a change in dynamics and the occurrence of a LLPT. For this purpose we analyze the dynamics of liquid silicon and gallium as described by the SW potential and modified embedded-atom model (MEAM), 46 respectively, both of which exhibit well-characterized LLPTs. For both systems we compute the intermediate scattering functions, the vibrational densities of states as well as the temperature-dependence of the shear viscosities.
The remainder of the paper is organized as follows. Sec. II provides the technical aspects of the computer simulations used in this study. The results are presented and discussed in Sec. III. Finally, in Sec. IV we summarize the main results of our work.
II. COMPUTATIONAL DETAILS
The computer simulations performed in this work were carried out using the molecular dynamics method (MD) as implemented in the LAMMPS package 47 . Isobaric-isothermal ensemble (NPT) simulations were employed to obtain the HDL and LDL phases, whereas canonical ensemble (NVT) simulations were used to compute correlation functions. The integration of the Nosé-Hoover equations of motion was carried out using a time step of 1 fs, and temperature and pressure damping parameters of 70 fs and 1 ps, respectively, were employed. The interatomic interactions in Si were modeled using the Stillinger-Weber (SW) 42 potential, while Ga was described using the modified embedded atom method (MEAM) proposed by Baskes, Chen, and Cherne. 46 The SW potential is known for providing an accurate description of liquid Si and its melting point temperature and it has been extensively used in the investigation of the LLPT in Si. 21, [48] [49] [50] Although the MEAM potential for Ga overestimates the quantitative value of the melting point temperature at ambient pressure, it correctly reproduces essential qualitative features of the phase diagram such as the negative slope of the melting line of the α-Ga phase, the positive slope of melting line of the GaII phase and the correct nine-fold coordination of the stable liquid. Moreover, the MEAM for Ga predicted a previously unknown crystalline metastable phase of Ga, which was confirmed by ab initio calculations. 51 All calculations were based on simulation cells subject to periodic boundary conditions. In the cases of gallium and silicon, supercells containing 1152 and 1000 atoms were employed, respectively. Larger cells were used to evaluate finite-size effects on the dip in the intermediate scattering function in Si.
Starting from the well-equilibrated liquid above the melting point temperature, the HDL and the LDL phases were obtained according to the following protocols. In the case of Si, the liquid was quenched starting at 1700 K at a cooling rate of 50 K/ns. For Ga, the quench started at 450 K at a cooling rate of 20 K/ns. In both cases the quenches were carried out at zero pressure, which is the same as that used in previous MD studies of these systems. 21, 30 The LLPT takes place around 1060 K in the case of Si, 21 while for Ga it occurs at a temperature of 356 K. 27 The canonical-ensemble simulations of the HDL and LDL forms of Si were carried out at 1070 K and 1050 K, respectively. For the case of Ga the HDL and LDL forms were considered at 362 K and 350 K, respectively.
III. RESULTS AND DISCUSSION
As mentioned earlier, particular features in the intermediate scattering function, which describes the decay of density fluctuations on a given length scale, 52 have been interpreted as evidence for the occurrence of FTST in the case of the LLPT in Si. Here we compute the self-(or incoherent) intermediate scattering function, F S (k, t), of Si and Ga. For a system containing N particles, this function is defined as
where r i (t) stands for the position of particle i at time t and k is the wave vector associated with the length scale of interest. The magnitude of k is chosen to be 2π/a, where a corresponds to the position of the first peak in the radial distribution function. In the calculations for Si, we used the following values of a: 2.39Å, 2.43Å, 2.46Å, and 2.52Å, for the temperatures, 1050 K (LDL), 1070 K (HDL), 1200 K, and 1700 K, respectively. For Ga, the distances, 2.68Å, 2.66Å, 2.68Å, and 2.68Å, corresponding to the temperatures 350 K (LDL), 362 K (HDL), 400 K, and 450 K, respectively, were employed. All results reported below correspond to averages F S (k, t) of F S (k, t) over three mutually perpendicular k-directions for a given magnitude k. plays the characteristic dip just at beginning of the plateau of F S (k, t) for LDL-Si, in agreement with previous studies. 21, 23 Yet, as pointed out by Horbach et al. 41 , it is possible that the dip in the intermediate scattering function is an artifact of finite size effects. To verify this possibility we compute F S (k, t) for LDL-Si as a function of increasing cell sizes. The results are reported in Fig. 2 and clearly display convergence for cell sizes above 2700 atoms, indicating that the appearance of the dip is indeed a robust effect. Returning to Fig. 1 , in contrast to the case of Si, the LLPT in Ga is not accompanied by the appearance of a dip in F S (k, t). According to the discussion in Ref. 43 this difference between the relaxation behaviors of LDL-Si and LDL-Ga, would indicate the presence of an excess in the vibrational density of states at lower frequencies with respect to the Debye model in the former and its absence in the latter. This would suggest significant differences between the LLPTs in Si and Ga from a dynamical point of view. To further investigate this issue, we compute the vibrational density of states (VDOS) of both LDL liquids, as determined by the Fourier transform of the normalized velocity autocorrelation function
where v j (t) is the velocity of the j-th particle at time t. Given that the VDOS described by the Debye model increases ∼ ω 2 , the reduced VDOS, defined as, g(ω)/ω 2 (rVDOS) decays monotonically with increasing angular frequency. Therefore, an excess of vibrational modes at lower frequencies should appear in the form of peaks in the rVDOS. Fig. 3 depicts the results of the rVDOS and VDOS for liquid Si at the same four temperatures shown in Fig.1 . It is evident that for 1700 K, 1200 K, and 1070 K (HDL), the rVDOS decreases monotonically with increasing ω. For the LDL liquid at 1050 K, on the other hand, it displays two distinct peaks at 7.5 THz and 11.0 THz, and a diffuse peak around 17.5 THz. This indicates that the LLPT in the case of Si, gives rise to an excess of low frequency modes, which could be associated with the BP. These results are in good agreement with those obtained by Jakse and Pasturel using ab initio simulations. Fig . 4 shows the results for the rVDOS and VDOS for liquid Ga at the same four temperatures considered in Fig1. Similar to the case of Si, for the temperatures 450 K, 400 K, and 362 K (HDL), the rVDOS decreases monotonically as ω increases. In addition, as for the LDL form of Si, the rVDOS of LDL-Ga at 350 K also exhibits two peaks between 2.5 THz and 4.0 THz, and a broad peak around 7.0 THz. This result is unexpected, however, if one assumes that an excess of vibrational modes at lower frequencies manifests itself as a dip at the beginning of the plateau in the intermediate scattering function F S (k, t), as has been suggested by Horbach and coworkers. 41 In this view, the absence of a dip in F S (k, t) for LDL-Ga in Fig. 1 should indicate the absence of an excess of vibrational modes at lower frequencies. Fig. 4 shows that this is not the case for Ga, inconsistent with the proposed correlation between a dip in F S (k, t) and an excess of vibrational modes at low frequencies.
Indeed, the identification of peaks in the rVDOS as evidence of the BP in the liquid is somewhat controversial. In the case of Si, for instance, there is experimental evidence that the BP is absent in amorphous Si, 36 ,53 which appears at odds with the notion of the existence of such a peak in the precursor supercooled liquid phase.
Finally, we examine the suggested relationship between the appearance of dip in F S (k, t) traversing through a LLPT and a fragile-to-strong transition. For this purpose we compute the shear viscosity η for both liquids as a function of temperature. The considered temperature ranges include conditions in which the liquids are thermodynamically stable, supercooled and below the LLPT temperature. The shear viscosity can be determined using a Green-Kubo-type relation involving the autocorrelation function of the off-diagonal component of the stress tensor, 52, 54 
where V is the volume of the system, T is the temperature, k B is the Boltzmann constant, and P αβ is an off-diagonal component of the stress tensor. Aside from the off-diagonal components P xy , P xz , and P zy , there are, due to rotational invariance, two other independent components 1 2 (P xx − P yy ) and 1 2 (P yy − P zz ). 55 In the calculations, η is estimated using an average over these five independent components.
Figs. 5 and 6 show results for the average autocorrelation functions C P P (t) ≡ P αβ (0)P αβ (t) and the corresponding cumulative integrals of Eq. (3) for the HDL and LDL forms in Si and Ga, respectively. Both graphs display the convergence of the computed shear viscosities to plateau values and clearly show the dramatic scale changes occuring across the LLPTs. The temperature-dependent results for liquid Si are depicted in Fig.7 , showing the logarithm of the shear viscosity as a function of the inverse temperature. Starting at 3000 K, the obtained shear viscosity values, which are in agreement with experimental data, 56 increase steadily with decreasing temperature. The increase is also manifestly nonlinear, with η increasing more rapidly as the LLPT approaches. This point is further highlighted by the two curves obtained by fitting the temperature-dependence of the shear viscosity below the LLPT to the mode-coupling-theory (MCT) expression 34, 52, 57 
where T c is the critical temperature at which the viscosity becomes singular, and the phenomenological Vogel-FulcherTammann (VFT) 34, [58] [59] [60] model
where the Vogel temperature T 0 describes the temperature at which the viscosity diverges. In the case of Si the leastsquares regressions give T c = 1052 K and T 0 = 877 K, respectively, which affirm the rather strong non-Arrhenius behavior. This is consistent with the picture that Si is a fragile liquid for temperatures above LLPT. Upon passing through the first-order LLPT, η undergoes a discontinuous increase, leading to a shear viscosity of that is two orders of magnitude larger than that of HDL-Si. This result is consistent with the calculations of Sastry and Angell 21 that show an increase of two orders of magnitude of the diffusion coefficient upon transforming from the HDL to the LDL liquid forms. that is similar to the case of Si. Above the LLPT the shear viscosity is manifestly non-Arrhenius, with critical temperature values of T c = 356 K and T 0 = 301 K, respectively. This implies that, as in the case of Si, Ga may be considered to be a fragile liquid for temperatures above the LLPT. Furthermore, the occurrence of the LLPT is also accompanied by an abrupt change of the viscosity, increasing about 2 orders of magnitude upon transforming from the HDL to the LDL. To verify whether the abrupt increase of the shear viscosities of both LDL forms is indeed accompanied by a character change from fragile to strong, one should analyze the temperature dependences of both LDL shear viscosities. Unfortunately, such an explicit assessment is prohibitively costly in this case due to the extreme sluggishness of the dynamics of both LDL liquids on the time scale of the MD simulations.
Therefore we adopt an indirect approach, comparing our LDL viscosity data for a single temperature (i.e., 1050 K and 350 K for Si and Ga, respectively) to those of typical fragile and strong liquids by plotting them in Angell's plot. 45 This plot depicts the logarithm of the viscosity as function of the inverse of temperature scaled by the material's glass-transition temperature T g and shows two distinct branches for strong and fragile liquids, respectively, in an essentially universal manner. 45 This is shown in Fig. 9 , which displays a number of experimental viscosity data sets extracted from Ref. 45 In principle, to plot the simulation results for Si and Ga on the same graph we need to determine the glass transition temperatures for the HDL and LDL phases of both substances. Unfortunately, however, an explicit determination of these T gvalues is unfeasible. For the HDL form it is obscured by the occurrence of the LLPT, whereas for the LDL it is inaccessible due to the extreme sluggishness of the dynamics. For this reason we need to infer the T g 's by some indirect route. For the HDL phase we can establish a lower bound in terms of the Kauzmann temperature T K at which the excess entropy of the liquid with respect to the crystal vanishes. 62 Below T K , the entropy of the liquid would be lower than that of the crystal, leading to the so-called entropy crisis, which is then avoided by the occurrence of the glass transition. In this view, T K can be regarded as a lower bound for T g . In addition, it is well known that, for many substances, 62 the singularity temperature T 0 in the VFT equation is very close to T K . We therefore use the divergence temperature T 0 of the VFT model determined from the HDL data in Figs. 9 and 8 as estimates for T g of the HDL phases in Si and Ga. Fig. 9 shows the corresponding results for the shear viscosities of HDL Si and LDL Ga as a function of T s /T = T 0 /T . The results clearly show that both HDL phases of Si and Ga appear on the fragile branch of Angell's plot together with other fragile liquids such as toluene and o-terphenyl. Indeed, it is quite striking that the results for HDL Si and Ga, despite their very different structural and cohesive properties, almost superpose on the plot.
An accurate placement of the LDL data on the plot is more challenging. Due to the extreme sluggishness of the dynamics below the LLPT it has proved prohibitive to obtain temperature-dependent data for the shear viscosity. For this reason we plot the LDL data using the divergence temperature T 0 obtained for the corresponding HDL phases to scale the inverse temperature. With this choice, despite the 2-order of magnitude increase of the shear viscosities across the LLPTs, the data points clearly remain in the fragile branch of the Angell plot. This suggests that, for both Si and Ga, the LLPT does not constitute a FTST. Evidently, this conclusion is based on the particular placement of the LDL results using the T 0 values obtained for the HDL phases as an indirect estimate for T g of the LDL forms. However, it seems plausible to assume that the HDL VFT divergence temperatures not only provide lower bounds for T g of the HDLs but also for the glass transition temperatures of the LDL phases. This is the case because the LDLs are much more viscous than their HDL counterparts, even for temperatures that are essentially the same. Thus it seems reasonable expect that the LDLs vitrify at higher temperatures than their HDL counterparts. In this line of reasoning, the representation of the LDL results in terms of the actual glass transition temperatures T g instead of T 0 would lead to a shift to the right in Fig. 9 . Accordingly, the availability of the correct value of T g would still lead to the same conclusion reached based on the use of the VFT divergence temperatures T 0 : despite the 2-order of magnitude increase of the shear viscosities across the LLPTs, the LDL phases still appear to belong to the fragile branch of Angell's plot.
These findings are inconsistent with the occurrence of a FTST associated with the LLPTs in both Si and Ga. In fact, it appears that the LLPTs are accompanied by a transition from a fragile liquid to a less fragile liquid, regardless of the appearance or not of a dip in the intermediate scattering function. This seems at odds with the suggestion that the appearance of a dip in the intermediate scattering function through the LLPT signals a change of character from fragile to strong. 21, 35, 36, 43 
IV. CONCLUSIONS
We have performed a series of MD simulations to study the dynamic properties of supercooled liquid Si and Ga with the goal of investigating correlations between liquid dynamics and the presence of a structural LLPT. The results indicate that, consistent with previous calculations, the intermediate scattering function of the LDL phase of Si at 1050 K exhibits a dip at the beginning of the plateau characteristic of the β-relaxation process which is absent for the HDL phase at 1070 K. For the case of the LLPT in Ga, on the other hand, the transition between the HDL to LDL forms is not accompanied by the development of a dip in the intermediate scattering function.
Previous work 21, 43 has suggested that the appearance of a dip in F S (k, t) across the LLPT is a manifestation of the development of an excess of vibrational states at low frequencies. In the context of our results for F S (k, t) this would imply a distinct difference between the dynamic behaviors of LDL Si and Ga, with the former characterized by an excess of low-frequency modes that should be missing for the latter. Our rVDOS results are at odds with this picture, however. Despite the absence of a dip in F S (k, t) for LDL-Ga, its rVDOS does display peaks characteristic of an excess of low-frequency modes.
In addition, we also consider the purported connection between the development of the dip in F S (k, t) and a transition in the character of liquid dynamics from fragile to strong. Within this view, the results obtained for F S (k, t) should point at a FTST accompanying the HDL-LDL structural transition for the case of Si and the absence of such a changeover in the case of Ga. Although the T g values for the LDL forms were estimated in an indirect manner, our results for the temperature dependence of the shear viscosities for both substances do not corroborate this prediction, indicating a view in which the HDL as well as LDL phases of both substances are fragile in character. In fact, it appears that the structural LLPT is accompanied by a transition from a fragile liquid to a less fragile liquid, regardless of the appearance or not of a dip in the intermediate scattering function.
